Abstract. First, we introduce the concept of pullback ω-limit compactness for multivalued processes, as an extension of the similar concept in the autonomous and nonautonomous framework. Next, we present the necessary and sufficient conditions (pullback dissipativeness and pullback ω-limit compactness) for the existence of a nonempty local bounded kernel (kernel sections are all compact, invariant and pullback attracting) of an infinite dimensional multi-valued process. In addition, we prove a result ensuring the existence of a uniform attractor and the uniform forward attraction of the inflated kernel sections of a family of multi-valued processes under the general assumptions of point dissipativeness and uniform ω-limit compactness. Finally, we illustrate the abstract theory with a nonlinear reaction-diffusion model in an unbounded domain.
Here we consider the family of inflated kernel sections {K
σ (τ )}, σ ∈ Σ, for any fixed ε 0 > 0, with component sets defined by
(1.1)
We will prove that the family of MVPs {U σ (t, τ )}, σ ∈ Σ, has a unique uniform attractor, and that the family of inflated kernel sections {K
σ (τ )}, σ ∈ Σ, is uniformly (w.r.t. σ ∈ Σ) forward attracting if and only if {U σ (t, τ )}, σ ∈ Σ, is point dissipative and uniformly ω-limit compact. Some of the ideas used here come from [3] .
Finally, we illustrate our abstract results by studying the nonautonomous reactiondiffusion equations in unbounded domains without uniqueness. For reaction-diffusion equations possessing a unique solution, we refer the reader to [13, 24, 25, 30] , whereas, there is little reference on the kernel sections of nonautonomous reaction-diffusion equations without uniqueness. As an application of our abstract results as above, we discuss the nonautonomous reaction-diffusion equations in unbounded domains without uniqueness and obtain the existence of a nonempty local bounded kernel (kernel sections are compact, invariant in L 2 (R n ) and pullback attracts every family of bounded subsets of L 2 (R n )). It is worth mentioning that here we consider the case without uniform ω-limit compactness, which is different from [29] . In addition, we get that the family of inflated kernel sections in L p (R n ) uniformly forward attracts every bounded subset of L 2 (R n ) in the topology of L p (R n ) with p 2. This paper is organized as follows. In Section 2 we present some preliminary results and definitions and then in Sections 3-4 we state and prove our main results. Finally, in Section 5 we deal with nonautonomous reaction-diffusion equations in unbounded domains without uniqueness. Definition 2.1. A family of mappings F (t) : X → 2 X , t ∈ R + is said to be a (autonomous) multi-valued semidynamical system (MVSS in short) if the following axioms hold:
(1) F (0)x = {x}, ∀x ∈ X; (2) F (s)F (t)x = F (s + t)x, ∀s, t ∈ R + , x ∈ X; 346 YEJUAN WANG AND SHENGFAN ZHOU (3) F (t)x is norm-to-weak upper-semicontinuous in x for fixed t ∈ R + (i.e., if x n → x in X, then for any y n ∈ F (t)x n , there exists a y ∈ F (t)x such that y n y (weak convergence)). It should be pointed out that the multi-valued semidynamical system defined here is indeed a strict multi-valued semidynamical system in [5, 22] .
Let X, Y be two Banach spaces, and X * , Y * be their dual spaces, respectively. We also assume that X is a dense subspace of Y , the injection i : X → Y is continuous and its adjoint i * : Y * → X * is densely injective.
Theorem 2.2 ([29]
). Let X, Y be two Banach spaces satisfying the assumptions just above, {F (t)} be an MVSS on X and Y , respectively. Assume that {F (t)} is uppersemicontinuous or weak upper-semicontinuous on Y . If for fixed t ∈ R + , F (t) maps compact subsets of X into bounded subsets of 2 X , then F (t) is norm-to-weak uppersemicontinuous on X.
Remark 2.3. In concrete problems, we can choose Y to be a larger and weaker topology space, in which the upper semicontinuity of the MVSS can be obtained easily.
Definition 2.4. Let {F (t)} be a multi-valued semidynamical system on X. We say that {F (t)} is (1) dissipative, if there exists a bounded subset V of X such that for any bounded set B ⊂ X, there exists a T 0 = T 0 (B) ∈ R + , such that
(2) ω-limit compact, if for any bounded subset B of X and ε > 0, there exists a
where k is the Kuratowski measure of noncompactness.
Definition 2.5. A nonempty compact subset A of X is called to be a global attractor for the multi-valued semidynamical system {F (t)} if it satisfies (1) A is an invariant set, i.e., 
Let K be the kernel of the MVSS {F (t)}. The kernel K consists of all bounded complete trajectories of the MVSS {F (t)}, i.e.,
K = u(·) | sup t∈(−∞,+∞)
u(t) X C u , u(t + τ ) ∈ F (τ )u(t), ∀t ∈ R, τ ∈ R + .
As usual, K(s) denotes the kernel section at a time moment s ∈ R:
K(s) = {u(s) | u(·) ∈ K}, K(s) ⊂ X.
Obviously,
Definition 2.8. Let {F (t)} be a (autonomous) multi-valued semidynamical system on X. For any subset B of X, the ω-limit set ω(B) is defined by
Theorem 2.9 ( [29] ). Let {F (t)} be a (autonomous) multi-valued semidynamical system on X. Then {F (t)} has a unique global attractor A = ω(V); moreover, A coincides with the kernel section at time τ ; i.e., A = K(τ ) for any τ ∈ R if and only if {F (t)} is dissipative and ω-limit compact. Definition 2.10. A family of mappings U (t, τ ) : X → 2 X , t τ, τ ∈ R, is said to be a multi-valued process (MVP in short) if it satisfies:
(
x is norm-to-weak upper-semicontinuous in x for fixed t τ, τ ∈ R (i.e., if x n → x in X, then for any y n ∈ U (t, τ )x n , there exists a y ∈ U (t, τ )x such that y n y (weak convergence)).
Theorem 2.11 ([29] ). Let X, Y be two Banach spaces satisfying the assumptions just above, and let {U (t, τ )} be an MVP on X and Y , respectively. Assume that {U (t, τ )} is upper-semicontinuous or weak upper-semicontinuous on Y . If for fixed t τ, τ ∈ R, U (t, τ ) maps compact subsets of X into bounded subsets of 2 X , then U (t, τ ) is norm-toweak upper-semicontinuous on X. Definition 2.12. Let {U (t, τ )} be a multi-valued process on X. We say that {U (t, τ )} is
(1) pullback dissipative if there exists a family of bounded sets Q = {Q(t)} t∈R in X so that for any family of bounded subsets B = {B(t)} t∈R of X and any t ∈ R, there exists a t 0 = t 0 (B, t) ∈ R + , such that
(2) pullback ω-limit compact with respect to each t ∈ R if for any family of bounded subsets B = {B(t)} t∈R of X and ε > 0, there exists a
Now we recall briefly the basic concept of the Kuratowski measure of noncompactness and recapitulate its basic properties; see [14] etc. for more details. If A is a nonempty, unbounded set in M , then we define k(A) = ∞. The properties of k(A), which we will use in this paper, are given in the following lemmas:
Lemma 2.14. The Kuratowski measure of noncompactness k(A) on a complete metric space M satisfies the following properties:
(1) k(A) = 0 if and only ifĀ is compact, whereĀ is the closure of A. 
and P : M → M 1 , Q : M → M 2 be the canonical projectors, and A be a bounded subset of M . If the diameter of QA is less than ε, then k(A) < ε.
3. Necessary and sufficient conditions for the existence of a local bounded kernel and compact kernel sections of multi-valued processes. In this section, we give the necessary and sufficient conditions for the existence of a local bounded kernel (kernel sections are all compact, invariant and pullback attracting) of an infinite dimensional multi-valued process by using the Kuratowski measure of noncompactness.
Let {U (t, τ ) | t τ, τ ∈ R} be a multi-valued process on X. The local bounded kernel K l of the MVP {U (t, τ )} is defined by
As usual, K l (s) denotes the kernel section at a time moment s ∈ R:
Evidently, the following assertion holds:
Lemma 3.1. Let K l be the local bounded kernel of the multi-valued process {U (t, τ )}. Then
Remark 3.2. In the single-valued case (see [13] ), the kernel sections of the process {U (t, τ )} are always invariant, whereas, the kernel sections of the multi-valued process {U (t, τ )} defined as above only possess negative invariance, i.e., (3.1) holds true. Definition 3.3. Let {U (t, τ )} be a multi-valued process on X. For every family of nonempty subsets B = {B(t)} t∈R of X and any t ∈ R, the pullback ω-limit set ω t (B) is defined by
Theorem 3.4. Let X be a Banach space and let {U (t, τ )} be a multi-valued process on X. Then the local bounded kernel K l of the MVP {U (t, τ )} is nonempty, and the kernel sections
for all t τ and all τ ∈ R) and pullback attract every family of bounded subsets B = {B(t)} t∈R of X; i.e., for any fixed t ∈ R,
(1) pullback dissipative, i.e., there exists a family of bounded subsets Q = {Q(t)} t∈R of X so that for any family of bounded subsets B = {B(t)} t∈R of X and each t ∈ R, there exists a t 0 = t 0 (B, t) ∈ R + , such that
(2) pullback ω-limit compact with respect to each t ∈ R.
. By the pullback attraction of the kernel sections, it is easy to see that {U (t, τ )} is pullback dissipative.
Note that for every family of bounded subsets B = {B(t)} t∈R of X and any fixed
Therefore for any ε > 0, there exists at ε =t ε (B, t, ε) > 0 such that
On the other hand, since K l (t) is compact, there exists a finite number of elements
Hence,
Combining (3.3) and (3.4) together, we can conclude that
which implies that {U (t, τ )} is pullback ω-limit compact. " ⇐ " Since the MVP {U (t, τ )} is pullback ω-limit compact and Q is a family of bounded sets, for each fixed t ∈ R and any ε > 0, there exists a
Thanks to the property (5) in Lemma 2.14, noticing that the set
is closed in X, we know that
is a nonempty compact set, and also the pullback ω-limit set with respect to t ∈ R. That is,
Observe that Q is a pullback absorbing set, therefore there exists a τ 0 = τ 0 (Q, t) ∈ R + , such that
It follows from (3.5) and (3.6) that
Let us show that
where K l (t) is the section of the local bounded kernel K l of the MVP {U (t, τ )} at time t. We consider an arbitrary complete trajectory u(s) of the MVP {U (t, τ )} with
Then, according to (
} t∈R is a family of bounded sets in X. Then (3.2) implies that for s sufficiently large,
On the other hand, it follows from
Thus we have established that
To prove the reverse inclusion we need the following lemmas.
Lemma 3.5. For a family of bounded sets
Proof. " ⇐ " According to the definition of weakly sequential closure, we know that if there exist sequences
. " ⇒ " Assume that y ∈ ω t (B). Then for any n ∈ N, we have
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It follows from the definition of weakly sequential closure that there exist sequences s
Since the MVP {U (t, τ )} is pullback ω-limit compact, we know that the weakly sequential closure 
y as n → ∞; i.e., we can find sequences s
The proof of this lemma is completed.
Proof. Let y ∈ A(t). By Lemma 3.5, we can find sequences
Thus there exists a sequencex
We need to prove that {x n } has a subsequence which converges in X. Noticing that for any ε > 0, there exists a τ ε > 0 such that
and that there exists an N 0 such that τ + s n − t τ ε for all n N 0 and
On the other hand, N 0 n=N 0x n contains only a finite number of elements, where N 0 is fixed such that τ + s n − t 0 as n N 0 . Using the property (3) for the measure of noncompactness in Lemma 2.14, we have
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Let ε → 0. We then derive that
This means that {x n } is relatively compact. So, there is a subsequence of {x n } such that x n → x as n → ∞ and by Lemma 3.5, we see that
Finally, by the norm-to-weak upper semicontinuity of the MVP {U (t, τ )}, we can conclude that there exist a subsequence y n k of y n and a y ∈ U (t, τ )x such that
Observe that y n y as n → ∞.
Proof. For any t τ and τ ∈ R, observe that
Clearly, {W (t)} t∈R is positively invariant. In the following, we prove that {W (t)} t∈R is also negatively invariant, i.e., W (t) ⊂ U (t, τ )W (τ ) for all t τ and all τ ∈ R. Assume that y ∈ W (t). Then there exist an s ∈ R + and x ∈ V (t − s) such that y ∈ U (t, t − s)x. Two cases may occur.
Therefore, there exists an
In conclusion, W (t) ⊂ U (t, τ )W (τ ) for all t τ and all τ ∈ R.
Lemma 3.8.
Proof. By Lemma 3.6, only the positive invariance of {A(t)} t∈R needs to be checked. Let W (t) = s 0 U (t, t − s)A(t − s). By Lemmas 3.6 and 3.7, we know that {W (t)} t∈R is invariant. In view of A(t) = ω t (Q) ⊂ Q(t) for all t ∈ R, so for any t τ and τ ∈ R,
Thus writing τ = t − s, we can conclude that
The proof of this lemma is finished. Now we are ready to complete the proof of Theorem 3.4.
Using Lemma 3.8, let us show that A(t) ⊂ K l (t) for all t ∈ R. Indeed, let u t be an arbitrary element of A(t). We shall construct a complete trajectory u(s), s
∈ R of the MVP {U (s, t)} such that sup s∈[a,b] u(s) X C a,b for all a, b ∈ R and u(t) = u t . We take u(s) ∈ U (s, t)u t ,
where s t. Let us extend u(s) to s t. Lemma 3.8 implies that there exists
Letting n → ∞, we obtain a complete trajectory u(s), s ∈ R, of the MVP {U (s, t)} such that u(s) ∈ A(s) ⊂ Q(s) for all s ∈ R and u(t) = u t . Recall that A(t) is compact for each t ∈ R, so we can see that for any fixed a,
. Taking into account (3.9), we obtain the identity (3.8).
Finally, it suffices to prove that for every family of bounded subsets B = {B(t)} t∈R of X and for each fixed t ∈ R,
Assume, otherwise, that there exist a family of bounded subsets
Thus there exist ε > 0 and sequences
Since Q is a pullback absorbing set, for each integer k 1, there exists an s n k ∈ {s n }, such that s n k k and
In particular, as
As in the proof above, due to the pullback ω-limit compactness, we can verify that y n k is relatively compact and possesses at least one cluster point y 0 . Hence y 0 belongs to
(Q) and this contradicts (3.11). Thus we have completed the proof of Theorem 3.4.
Remark 3.9. From Theorem 3.4, it seems that the kernel sections
, which is obtained by the usual method (see [8] ). However, under the assumption that the MVP {U (t, τ )} is pullback ω-limit compact with respect to each t ∈ R, we can show that
Remark 3.10. In particular, under the assumption that the MVP {U (t, τ )} is uniformly dissipative, i.e., there exists a bounded subsetQ of X so that for any bounded subset B of X, there exists at 0 =t 0 (B) ∈ R + independent of τ ∈ R, such that
Similar to the arguments in Theorem 3.4, we can show that the kernel K of the MVP {U (t, τ )} is nonempty, and the kernel sections
⊂Q, ∀t ∈ R are all compact, invariant and pullback attract any bounded subset of X if and only if {U (t, τ )} is pullback ω-limit compact with respect to each t ∈ R; i.e., for every bounded set B in X and any ε > 0, there exists at
It is worth mentioning that the kernel K here consists of all bounded complete trajectories of the multi-valued process, i.e.,
Now we give the relation between the pullback flattening and the pullback ω-limit compactness of the MVP {U (t, τ )}. First, we need the following definition: Definition 3.11. A multi-valued process {U (t, τ )} on a Banach space X is said to be pullback flattening if for each t ∈ R, any family of bounded subsets B = {B(t)} t∈R of X and ε > 0, there exist τ 0 = τ 0 (t, B, ε) > 0 and a finite dimensional subspace X 1 of X such that
where P : X → X 1 is the canonical projector. Analogous to the proofs of Theorems 4.10-4.11 in [29] , we can get the following results.
Theorem 3.12. Let X be a Banach space and let {U (t, τ )} be a multi-valued process on X.
(1) If the MVP {U (t, τ )} is pullback flattening, then {U (t, τ )} is pullback ω-limit compact with respect to each t ∈ R. (2) Let X be a uniformly convex Banach space; in particular, let X be a Hilbert space. Then {U (t, τ )} is pullback ω-limit compact with respect to each t ∈ R if and only if {U (t, τ )} is pullback flattening.
Theorem 3.13. Let X be a uniformly convex Banach space; in particular, let X be a Hilbert space. Then the MVP {U (t, τ )} possesses a nonempty local bounded kernel K l ; moreover, the kernel sections K l (t) are all compact, invariant and pullback attract every family of bounded subsets B = {B(t)} t∈R of X if and only if {U (t, τ )} is pullback dissipative and pullback flattening.
An MVP {U (t, τ )} is said to be asymptotically upper-semicompact in X if for each fixed t ∈ R, and any family of bounded subsets B = {B(t)} t∈R of X, any sequence
The following theorem shows that pullback ω-limit compactness equals asymptotically upper-semicompactness.
By slightly modifying the arguments in [28] , Theorem 3.9, we have Theorem 3.14. Let {U (t, τ )} be a multi-valued process on X. Then {U (t, τ )} is asymptotically upper-semicompact if and only if {U (t, τ )} is pullback ω-limit compact.
Remark 3.15. Let X be a uniformly convex Banach space; in particular, let X be a Hilbert space, and {U (t, τ )} be an MVP on X. We can deduce by Theorems 3.12 and 3.14 that {U (t, τ )} is asymptotically upper-semicompact if and only if {U (t, τ )} is pullback flattening.
Uniform attractors and uniform forward attraction of kernel sections.
In this section, we present the necessary and sufficient conditions for the existence of uniform attractors and the uniform forward attraction of the inflated kernel sections of a family of multi-valued processes. Let Σ be a compact Banach space with norm · Σ and let {T (h) | h ∈ R + } be a continuous invariant (T (h)Σ = Σ) semigroup on Σ. Let {U σ (t, τ ) | t τ, τ ∈ R}, σ ∈ Σ, be a family of multi-valued processes on X satisfying the following translation identity:
(4.1)
In particular, we recall the concept of the multi-valued skew product flow, which will be used in the proof of Theorem 4.9. For any fixed τ ∈ R, the family of multi-valued mappings {F τ (t)} t 0 acting on the extended space Y = X × Σ defined by
forms an autonomous multi-valued semidynamical system on Y over R + , which is called the multi-valued skew product flow associated with the family of multi-valued processes {U σ (t, τ )}, σ ∈ Σ, and the semigroup {T (t)}.
We also need the following definitions and results. Definition 4.1. Let {U σ (t, τ )}, σ ∈ Σ, be a family of multi-valued processes on X. We say that the family of MVPs {U σ (t, τ )}, σ ∈ Σ, is (1) σ-uniformly dissipative, if for any fixed τ ∈ R, there exists a bounded subset Θ of X so that for any bounded set B ⊂ X, there exists aτ 1 =τ 1 (B) ∈ R + independent of σ ∈ Σ, such that
(2) σ-uniformly ω-limit compact, if for any fixed τ ∈ R, every bounded subset B of X and any ε > 0, there exists a
(3) point dissipative, if for any fixed τ ∈ R, there is a bounded set M 0 in X, such that M 0 attracts each trajectory starting from any point in X with the initial time τ ; (4) σ-uniformly eventually bounded, if for any fixed τ ∈ R and for every bounded set B ⊂ X, there exists a T 3 τ independent of σ ∈ Σ, such that
σ∈Σ U σ (t, τ )B is bounded. Definition 4.2. A compact set µ ⊂ X is said to be a uniform attractor of the family of multi-valued processes {U σ (t, τ )}, σ ∈ Σ, if it satisfies (1) µ σ-uniformly attracts every bounded subset B of X; i.e., for any fixed τ ∈ R,
(2) If there is another compact set A satisfying (1), then µ ⊂ A .
Theorem 4.3 ([29]
). Let X, Y be two Banach spaces satisfying the assumptions in the preliminary, and let {U σ (t, τ )}, σ ∈ Σ, be a family of MVPs on X and Y , respectively. Assume that {U σ (t, τ )}, σ ∈ Σ, is jointly upper-semicontinuous or weak uppersemicontinuous on Y × Σ. If for fixed t τ, τ ∈ R, the family of MVPs {U σ (t, τ )}, σ ∈ Σ, maps compact subsets of X × Σ into bounded subsets of 2 X , then {U σ (t, τ )}, σ ∈ Σ, is jointly norm-to-weak upper-semicontinuous on X × Σ.
Lemma 4.4. Let the family of multi-valued processes {U σ (t, τ )}, σ ∈ Σ, be σ-uniformly ω-limit compact. Then {U σ (t, τ )}, σ ∈ Σ, is σ-uniformly eventually bounded.
Proof. Let a ∈ X, bounded set B ⊂ X and τ ∈ R be given arbitrarily, and suppose for a contradiction that t T σ∈Σ U σ (t, τ )B is unbounded for all T τ . Then there exist x n ∈ B, σ n ∈ Σ, t n → +∞, and y n ∈ U σ n (t n , τ)x n with y n − a X → ∞. By the uniform ω-limit compactness and the property (1) in Lemma 2.14, we can deduce that y n has a convergent subsequence. This leads to a contradiction and thus the proof of this lemma is completed.
Lemma 4.5. Let the family of multi-valued processes {U σ (t, τ )}, σ ∈ Σ, satisfying the translation identity (4.1) be point dissipative, σ-uniformly ω-limit compact, and jointly norm-to-weak upper-semicontinuous in each (x, σ) ∈ X × Σ uniformly on the interval [τ, T ] for any fixed T τ , where Σ is a compact Banach space. Then there exists a bounded set M ⊂ X, so that for any compact set D ⊂ X, there exist ε = ε(D) > 0 and
Proof. Let η > 0. By Lemma 4.4, we know that {U σ (t, τ )}, σ ∈ Σ, is σ-uniformly eventually bounded. Hence for any fixed τ ∈ R, there exists a τ 3 τ , such that
is bounded, where M 0 is given in Definition 4.1 (3). Assume on the contrary that there exist a compact set D ⊂ X and sequences
Noticing that there exists a sequencex n ∈ D such that x n −x n ε n , we can assume that lim n→∞ x n = lim n→∞xn = x 0 ∈ D and lim n→∞ σ n = σ 0 ∈ Σ (recall that Σ is compact). In view of (4.1),
. Thanks to the jointly norm-to-weak upper semicontinuity of the family of MVPs {U σ (t, τ )}, σ ∈ Σ, in each (x, σ) ∈ X × Σ uniformly on any interval [τ, T ], by diagonal procedure, we can deduce that there exists y 0 (t) ∈ U σ 0 (t, τ )x 0 / ∈ M 0 for all t τ . This contradicts the point dissipativeness of {U σ (t, τ )}, σ ∈ Σ. We have finished the proof of Lemma 4.5.
Remark 4.6. Similar to Theorem 4.3, we have the following result: Let X, Y be two Banach spaces satisfying the assumptions in the preliminary, and let {U σ (t, τ )}, σ ∈ Σ, be a family of MVPs on X and Y , respectively. Assume that {U σ (t, τ )}, σ ∈ Σ, is jointly upper-semicontinuous or weak upper-semicontinuous on Y ×Σ uniformly on the interval [τ, T ] for any fixed T τ . If for all t ∈ [τ, T ], the family of MVPs {U σ (t, τ )}, σ ∈ Σ, maps compact subsets of X × Σ into bounded subsets of 2 X , then {U σ (t, τ )}, σ ∈ Σ, is jointly norm-to-weak upper-semicontinuous on X ×Σ uniformly on the interval [τ, T ].
The following theorem gives the necessary and sufficient conditions for the existence of uniform attractors.
Theorem 4.7. Let the family of multi-valued processes {U σ (t, τ )}, σ ∈ Σ, on X satisfying the translation identity (4.1) be jointly norm-to-weak upper-semicontinuous in each (x, σ) ∈ X × Σ uniformly on the interval [τ, T ] for any fixed T τ , where Σ is a compact Banach space. Then the following statements are equivalent:
(1) There is a compact uniformly attracting set for the family of MVPs {U σ (t, τ )}, σ ∈ Σ. (2) {U σ (t, τ )}, σ ∈ Σ, is point dissipative and σ-uniformly ω-limit compact. (3) {U σ (t, τ )}, σ ∈ Σ, has a unique uniform attractor µ. (4) {U σ (t, τ )}, σ ∈ Σ, is σ-uniformly dissipative and σ-uniformly ω-limit compact.
Proof.
where M is given in Lemma 4.5. The compactness of µ follows immediately from the uniform ω-limit compactness.
Let us show that µ uniformly attracts every bounded subset B of X.
. By making use of uniform ω-limit compactness, it is easy to see that K is compact and uniformly attracts B. Let ε(K), t 2 = t 2 (K) be given as in Lemma 4.5, and let 0 < ε < ε(K). Since K uniformly attracts B, U σ (t 3 , τ)B ⊂ N (K, ε) for all σ ∈ Σ and some t 3 > τ. By Lemma 4.5, hence
0 and all σ ∈ Σ. Observing that M is σ-uniformly attracted to µ under the family of MVPs {U σ (t, τ )}, σ ∈ Σ (recall the definition of µ), so is B.
It suffices to check that µ is the minimal compact uniformly attracting set; i.e., if ν is another compact uniformly attracting set, then we need to show that µ :=
x n ∈ M, and y n ∈ U σ n (t n , τ)x n such that y n y. Note that ν uniformly attracts M. Hence dist X (y n , ν) → 0 as n → ∞. Clearly, we have y ∈ ν and µ ⊂ ν.
The proof is complete. Analogous to the proof of Theorem 4.7, in view of Theorem 5.2 and Corollary 5.3 in [29] , we have Theorem 4.8. Let {F (t)} be a (autonomous) multi-valued semidynamical system on X, and let F (t)x be norm-to-weak upper-semicontinuous in each x ∈ X uniformly on interval [0, T ] for any fixed T 0. Then the following statements are equivalent:
(1) There is a compact attracting set for {F (t)}.
(2) {F (t)} is point dissipative and ω-limit compact. (3) {F (t)} has a unique global attractor A; moreover, A coincides with the kernel section at time τ , i.e., A = K(τ ) for any τ ∈ R. (4) {F (t)} is dissipative and ω-limit compact. Now we generalize Theorem IV. 5.1 in [13] to the multi-valued case and show the uniform forward attraction of the inflated kernel sections. Theorem 4.9. Let a family of multi-valued processes {U σ (t, τ )}, σ ∈ Σ, acting on X be point dissipative, σ-uniformly ω-limit compact and jointly norm-to-weak uppersemicontinuous in each (x, σ) ∈ X × Σ uniformly on interval [τ, T ] for any fixed T τ . Also let Σ be a compact Banach space and let {T (t)} be a continuous (uniformly on the interval [0, T ] for any fixed T 0) invariant semigroup on Σ satisfying the translation identity (4.1). Then the multi-valued semidynamical system {F τ (t)} corresponding to the family of multi-valued processes {U σ (t, τ )}, σ ∈ Σ, and acting on X ×Σ (see Theorem 4.8) possesses a unique compact attractor A which is strictly invariant with respect to {F τ (t)} : F τ (t)A = A for all t 0. Furthermore, (1) Π 1 A = µ is the uniform (w.r.t. σ ∈ Σ) attractor of the family of multi-valued processes {U σ (t, τ )}, σ ∈ Σ; (2) Π 2 A = Σ; (3) the global attractor satisfies
(4) the uniform attractor satisfies
(5) for any fixed ε 0 > 0, the family of inflated kernel sections {K
σ (τ )}, σ ∈ Σ, defined in (1.1) σ-uniformly pullback (respectively forward) attracts each bounded subset B of X; i.e., for any ε > 0, there is a T 1 = T 1 (B, ε) > 0 independent of σ ∈ Σ, such that
Here the kernel K σ of the MVP {U σ (t, τ )} with σ ∈ Σ be given as in Remark 3.10, K σ (τ ) is the section at t = τ of the kernel K σ .
Proof. Write Y = X × Σ and endow Y with the norm ·
Clearly, (Y, · Y ) is a Banach space. Let τ ∈ R be given arbitrarily. Now we consider the multi-valued semidynamical system {F τ (t)} on Y over R + defined by
Then F τ (t) is well defined on Y and due to the jointly norm-to-weak upper semicontinuity of U σ (t, τ )x in (x, σ) uniformly on the interval [τ, T ] for any fixed T τ and the continuity of T (t)σ in σ uniformly on the interval [0, T ] for any fixed T 0, we see that F τ (t)(x, σ) is norm-to-weak upper-semicontinuous in (x, σ) uniformly on the interval [0, T ] for any fixed T 0. Since the family of MVPs {U σ (t, τ )}, σ ∈ Σ, is point dissipative, there exists a bounded subset M 0 of X, such that M 0 attracts each trajectory starting from any point in X with the initial time τ . It follows that Ω := M 0 × Σ is a bounded set in X × Σ and attracts each trajectory starting from any point in X ×Σ, i.e., {F τ (t)} is point dissipative. The σ-uniform ω-limit compactness of the family of MVPs {U σ (t, τ )}, σ ∈ Σ, implies that {F τ (t)} is ω-limit compact (recall that Σ is compact). Thus, according to Theorem 4.8, the multi-valued semidynamical system {F τ (t)} has a unique global attractor A. Now we will show that
where M is defined in the proof of Lemma 4.5. Similar to the proof of Theorem 3.4, in view of the ω-limit compactness of {F τ (t)} and the boundedness of the set M × Σ, we can verify that ω(M × Σ) is compact. By making use of some techniques from the proof of Theorem 4.7 and [3], we can deduce that ω(M × Σ) attracts every bounded subset of X × Σ. Thanks to the ω-limit compactness of {F τ (t)}, by the similar arguments of Proposition 2.13 in [19] , we can show that for any x ∈ ω(M × Σ), there is a trajectory γ of {F τ (t)} on R which lies in ω(M × Σ) with γ(0) = x. On the other hand, by Lemma 4.5, it is easy to see that there is a t 2 
ω(M×Σ). Analogous to the proofs of Proposition 4.1 in [19] and Lemma 3.8, we can deduce that ω(M × Σ) is invariant. Therefore, the uniqueness of the global attractor of {F τ (t)} implies that A = ω(M × Σ).
Since {T (t)} is an invariant semigroup, i.e., T (t)Σ = Σ for all t ∈ R + , we can deduce that
and (2) is proved. Now let us show that µ = Π 1 A is the uniform attractor of the family of MVPs {U σ (t, τ )}, σ ∈ Σ. Because of the compactness of A, we see that µ is compact. Let us verify that µ is a σ-uniformly attracting set. Let B be a bounded subset of X. Since A attracts B × Σ under {F τ (t)},
In fact, we can replace τ in (4.5) by any s ∈ R. Indeed, by Theorem 4.7, we see that the family of MVPs {U σ (t, τ )}, σ ∈ Σ, is σ-uniformly dissipative, and the set
By (4.5), we find that
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To verify the minimality property, let us show that
Indeed, let a pair (u τ , σ τ ) ∈ A be given, when u τ ∈ Π 1 A and σ τ ∈ Σ. It follows from Theorem 4.8 that there exists a bounded complete trajectory ϕ(s) = (u(s), σ(s)) of the multi-valued semidynamical system
Noticing that T (t) is a semigroup, therefore 
s)u(s).

If s < τ, then by T (τ − s)σ(s) = σ(τ ), and again by (4.1) and (4.7), u(t + s) ∈ U σ(s) (t + τ, τ )u(s) = U T (τ −s)σ(s) (t + s, s)u(s) = U σ(τ ) (t + s, s)u(s).
Thus, u(s) is a bounded complete trajectory of the MVP {U
We have established that
Let us verify the converse inclusion. Let u τ ∈ σ∈Σ K σ (τ ) and u τ = u(τ ), where u(s), s ∈ R is the corresponding bounded complete trajectory of the MVP {U σ τ (t, τ )} with some σ τ ∈ Σ. Since Σ is strictly invariant with respect to {T (t)}, there exists a bounded complete trajectory σ(s), s ∈ R of {T (t)} such that σ(τ ) = σ τ . Let us show that (u(s), σ(s)) is a complete bounded trajectory of the multi-valued semidynamical system {F τ (t)}. If s τ , then by (4.1) and (4.2), we have
that is, (u(t + s), σ(t + s)) ∈ F τ (t)(u(s), σ(s)) for all t 0 and all s ∈ R. By Theorem 4.8, (u τ , σ τ ) = (u(τ ), σ(τ )) ∈ A and u τ = u(τ ) ∈ Π 1 A. Hence,
Combining (4.9) and (4.10) together, we have
We have proved (3) . To show that Π 1 A = σ∈Σ K σ (τ ) = µ is the uniform attractor of the family of MVPs {U σ (t, τ )}, σ ∈ Σ, we have to check the minimality property. Let us show that Π 1 A = µ ⊂ A where A is an arbitrary compact σ-uniformly attracting set for the family of MVPs {U σ (t, τ )}, σ ∈ Σ. By (4.11), it is sufficient to verify that u(τ ) ∈ A for an arbitrary bounded complete trajectory u(s), s ∈ R of the MVP {U σ (t, τ )} with σ ∈ Σ. As we already know there exists a bounded complete trajectory σ(s) of {T (t)} with σ(τ ) = σ. Consider the set B 2 = {u(−n + τ ), n ∈ N}. Evidently, B 2 is bounded in X. We have
is the uniform attractor of the family of MVPs {U σ (t, τ )}, σ ∈ Σ, and the conclusions (1) and (4) hold true.
Let ε 0 > 0. Now it remains to show that for any bounded subset B of X and ε > 0 (we can assume that ε < ε 0 ), there is a
(4.12)
Now for each σ we divide A into two parts,
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where
So, by (4.12), we necessarily have
Thus, in particular, there exists a point v :
. From this and (4.13) it follows that
and hence that dist X (x, K
Observing that u ∈ B, σ ∈ Σ, t T 1 and x ∈ U σ (τ, τ − t)u are otherwise arbitrary, we obtain
In view of (4.1), (4.14) and σ = T (t)σ, we have
The proof of Theorem 4.9 is finished.
Nonautonomous reaction-diffusion equations in unbounded domains
without uniqueness. The main purpose of this section is to apply our abstract theory developed in Sections 3 and 4 to consider nonautonomous reaction-diffusion equations in unbounded domains without uniqueness.
Kernel sections for nonautonomous reaction-diffusion equations in
In this subsection, we will prove the existence of local bounded kernel and compact kernel sections for nonautonomous reaction-diffusion equations in L 2 (R n ). We investigate the system ∂u ∂t
We impose the following conditions on f ∈ C(R, R) and
3) Without loss of generality, we assume that
For convenience, hereafter let | · | q be the norm of L q (R n ) (q 1), |u| the modular (or absolute value) of u, and C the arbitrary positive constants, which may be different from line to line and even in the same line.
We start with the following general existence of solutions, which can be obtained by the normal Faedo-Galerkin methods. Here we only state the results, and the interested readers are referred to [13] for details.
) and f satisfies (5.3). Then for any initial data u 0 ∈ L 2 (R n ) and any τ ∈ R, there exists a weak solution u for system (5.1)-(5.2) which satisfies
In addition, by the similar arguments in [13] , we can define a family of multi-valued
It is easy to verify that the properties (1), (2) in Definition 2.10 hold true. Let
Similar to the proof of the existence of weak solutions (see [13] for details), in view of (5.3), we can show that for any fixed t τ , τ ∈ R and any u n (t) ∈ U (t, τ )u n0 , there exists a
Thus, the family of multi-valued mappings {U (t, τ )} forms a multi-valued process on L 2 (R n ). From now on, we denote by R the set of all functions r : R → (0, +∞) such that 
denotes the family of all nonempty subsets of L 2 (R n ) and N (0, r B (t)) denotes the closed ball in L 2 (R n ) centered at zero with radius r B (t).
, there exists a family of bounded sets Q = {Q(t)} t∈R ∈ B so that for any family of bounded subsets B := {B(t)} t∈R ∈ B and any t ∈ R, there exists a t 0 = t 0 (B, t) ∈ R + such that
Proof. Let t ∈ R and u 0 ∈ L 2 (R n ) be fixed. We observe that for any T t − s with s 0,
Multiplying (5.1) by u, after the standard integration by parts and using assumptions (5.3), we have
Using Young's inequality,
Let B ∈ B be given. From (5.8), we easily obtain
Denote by R(t) the nonnegative number given for each t ∈ R by (R(t)) 2 = 2e 10) and consider the family of closed balls
It is straightforward to check that Q ∈ B, and moreover, by (5.6) and (5.9), the family of Q is pullback B-absorbing for the MVP {U (t, τ )} and thus the proof is completed.
Lemma 5.3. Assume that the hypotheses in Lemma 5.2 hold. Then for each t ∈ R and any ε > 0, there exist k > 0 and T 4 > 0, such that
Proof. Choose a smooth function θ such that 0 θ(s) 1 for any s ∈ R + , and θ(s) = 0 for 0 s 1 and θ(s) = 1 for s 2.
Then there exists a constant C such that |θ (s)| C for any s ∈ R + . Let t ∈ R and ε > 0 be fixed. As above, we define U (T, t − s)u 0 for all T t − s and s 0 with u 0 ∈ Q(t − s).
Now we estimate each term in (5.11) as follows. First we have
(5.13)
For the first term on the right-hand side of (5.11), by (5.3), we have
Moreover, we also have
(5.15) Combining (5.11)-(5.15) together, in view of (5.5), we can deduce that for k sufficiently large,
By the Gronwall lemma, we get 
provided that k and s are large enough. Thus the conclusion follows immediately. In view of (5.21),
which completes the proof of this lemma.
Theorem 5.5. Suppose that the hypotheses in Lemma 5.2 hold. Then the MVP {U (t, τ )} generated by (5.1)-(5.2) possesses a nonempty local bounded kernel K l in L 2 (R n ); moreover, the kernel sections {K l (t)} t∈R ∈ B are all compact, invariant in L 2 (R n ) and pullback attract every family of bounded subsets B = {B(t)} t∈R ∈ B.
Proof. Let Ω k = {x ∈ R n | |x| k}, where k is sufficiently large such that Lemma 5.3 holds. Thanks to Lemmas 5.2 and 5.3, by Theorem 3.13, it suffices to show that for
Let t ∈ R be fixed. As above, we define U (T, t − s)u 0 for all T t − s and s 0 with u 0 ∈ Q(t − s). Similar to the arguments in Lemma 5.2, we can show that
Integrating this inequality from t − s to t, by (5.6) and (5.10), we obtain when s is sufficiently large,
Similarly, we can also show that when s is sufficiently large,
f (τ )dτ ; then by (5.3), we can deduce that
Therefore, in view of (5.10), when s is sufficiently large,
By (5.10), (5.24) and (5.26), we obtain
On the other hand, multiplying (5.1) by u T (T ), we get
By the Hölder inequality and the Cauchy inequality, it follows from (5.28) that
Thus,
(5.29)
Due to Lemma 5.4, we can deduce from (5.10), (5.27) and (5.29) that when s is sufficiently large, 
Note that u(t) ∈ Q(t) and H
) is a Banach space endowed with the norm
Fully analogous to Lemma 5.1, we have
3) holds true. Then for any initial data u 0 ∈ L 2 (R n ) and any τ ∈ R, there exists a weak solution u for system (5.1)-(5.2) which satisfies
Lemma 5.7 (Chepyzhov and Vishik [13] ). Let y(t) be uniformly continuous on [t 0 , +∞) and satisfy
where γ 0 and h(t) 0 for all t t 0 . Suppose also that
Lemma 5.8 (The Uniform Gronwall Lemma [25] 
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Proof. 
, ∀s τ.
On the other hand, multiplying (5.1) by u t , we obtain 
Invoking Lemma 5.8, we have
We have completed the proof of this lemma.
Consider the family of systems:
(5.37)
As above, in view of Lemma 5.10, we can see that Lemmas 5.6 and 5.9 hold for any g(x, t) ∈ H(g 0 ). Thus we can define a family of multi-valued processes {U g (t, τ )}, g ∈ H(g 0 ), on L 2 (R n ) corresponding to system (5.36)-(5.37), and {U g (t, τ )} is jointly normto-weak upper-semicontinuous in L p (R n ); i.e., for any fixed
Lemma 5.11 ([24, 30] 
From the definition of uniform ω-limit compactness of the multi-valued process and the lemma above, we have
provided that the following conditions hold:
Lemma 5.13 ([24, 30] ). Let B be a bounded subset in L q (R n ) (q 1). If B has a finite ε-net in L q (R n ), then there exists an M = M (B, ε), such that for any u ∈ B, the following estimate is valid:
Now let us recall the concept of the multi-valued skew product flow, which will be used in the proof of Theorem 5.14. The mapping F τ (t) :
which is called the multi-valued skew product flow associated with the family of multi-valued processes {U g (t, τ )}, g ∈ H(g 0 ).
Theorem 5.14. Let g 0 (x, s) be translation compact in L 2 loc (R; L 2 (R n )) and let (5.3) and (5.5) hold true. Then the multi-valued semidynamical system {F τ (t)} corresponding to the family of multi-valued processes {U g (t, τ )}, g ∈ H(g 0 ), and acting on L 2 (R n ) × H(g 0 ) possesses a unique compact attractor A in L p (R n ) × H(g 0 ) which is strictly invariant with respect to {F τ (t)} : F τ (t)A = A for all t 0. Furthermore, g (τ )}, g ∈ H(g 0 ), uniformly (w.r.t. g ∈ H(g 0 )) pullback (respectively forward) attracts each bounded subset B of L 2 (R n ) in the topology of L p (R n ). Here the kernel K g of the MVP {U g (t, τ )} with g ∈ H(g 0 ) is given as in Remark 3.10, and K g (τ ) is the section at t = τ of the kernel K g .
Proof.
Thanks to Theorems 4.7 and 4.9, we only need to show that the family of MVPs {U g (t, τ )}, g ∈ H(g 0 ), corresponding to system (5.36)-(5.37) is uniformly (w.r.t. g ∈ H(g 0 )) dissipative and uniformly (w.r.t. g ∈ H(g 0 )) ω-limit compact.
It follows from Lemmas 5.9 and 5.10 that the family of MVPs {U g (t, τ )}, g ∈ H(g 0 ), has a uniformly (w.r.t. g ∈ H(g 0 )) absorbing setB in i.e., for any fixed τ ∈ R and every bounded set B ⊂ L 2 (R n ), there is aτ 1 > 0 independent of g ∈ H(g 0 ), such that U g (t + τ, τ )B ⊂B, ∀g ∈ H(g 0 ), t τ 1 .
(5.38)
Let us show that {U g (t, τ )}, g ∈ H(g 0 ), is uniformly (w.r.t. g ∈ H(g 0 )) ω-limit compact in L 2 (R n ). Observe that for any ε > 0 and g ∈ H(g 0 ), there exists a sequence g 0 (·, · + h n ) with h n ∈ R, such that for n sufficiently large,
< ε , ∀s ∈ R.
(5.39) 
